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Abstract
Self-organised critical avalanche models are a class of cellular automata that,
despite their simplicity, can be applied to the modeling of solar (and stellar)
flares and generate robust power-law distributions in event size measures. How-
ever, bridging the conceptual gap to both magnetohydrodynamics and real flare
observations continues to prove challenging. In this paper, we focus on a specific,
key aspect of this endeavour, namely the definition of magnetic energy and its
consequences for the model’s internal dynamics and energy release statistics. We
show that the dual requirement of releasing energy and restoring local stability
demands that the instability criterion and boundary conditions be set in a man-
ner internally consistent with a given energy definition, otherwise unphysical
behavior ensues, e.g., negative energy release. Working with three energy defi-
nitions previously used in the literature, we construct such internally consistent
avalanche models and compare/contrast their energy release statistics. Using the
same set of models, we also explore a recent proposal by Farhang et al. (2018,
2019), namely that avalanches/flares should maximize the amount of energy
released by the lattice when instabilities are triggered. This tends to produce
avalanches of shorter duration but higher peak energy release, but adding up
to similar total energy release. For the three energy definition we tested, such
avalanche models exhibit almost identical distributions of event size measures.
Our results indicate that the key to reproduce solar-like power-law slopes in these
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size measures is lattice configurations in which most nodes remain relatively far
from the instability threshold.

Keywords: Avalanche models - Solar Flares

1. Introduction

Many natural physical systems exhibit energy loading and release spanning a
very wide range of characteristic spatiotemporal scales. Examples include land-
slides, forest fires, earthquakes, geomagnetic substorms, as well as solar and
stellar flares (see, e.g. Aschwanden, 2011, Chapter 1). In such physical systems,
the buildup of energy is a slow, continuous process, while its release is rapid
and spatiotemporally intermittent, with size measures of energy release events
distributed over many orders of magnitude.

Even if the underlying governing physical laws are known, the computational
modelling of such multiscale systems is extremely arduous in practice. Direct
numerical simulations typically compromise on the range of scales modelled, by
truncation at either or both the low and high ends of the scale. These trun-
cated scales can then be modeled via subgrid models or boundary conditions,
respectively (Shibata and Magara, 2011). When this approach is not feasible,
one must turn to simplifications at the level of the system geometry and/or
governing physics. Lattice-based models represent an extreme example of this
latter approach.

Simply put, a lattice model is a network of interconnected nodes, each char-
acterized by a state (or value) which evolves discretely in time according to an
update rule determined by the state of other nodes to which it is connected. The
so-called avalanche (or sandpile) models are a class of lattice-based models which
has proven robust generators of discrete energy release events patterns exhibit-
ing scale-invariant power-law statistics in their size measures. A particularly
interesting class of such avalanche models are those exhibiting Self-Organised
Criticality (hereafter SOC: see, e.g. Bak, Tang, and Wiesenfeld, 1988; Jensen,
1998; Aschwanden, 2013). This refers to systems in which the statistical equi-
librium state generating scale-invariant behavior is an attractor of the internal
dynamics, and thus is reached and sustained without the need to fine tune the
external driver or internal model parameters.

The application of such SOC avalanche models to solar flares was initiated
by the seminal work of Lu and Hamilton (1991), and was successful in robustly
reproducing the observed power-law form of the statistical distribution of event
size measures (Dennis, 1985, see also Lu et al. 1993). This success continues
to motivate the search for a convincing physical underpinning of the loading,
instability and redistribution rules for the nodal variable defined over the lattice
(Lu, 1995a; Isliker et al., 1998; Isliker, Anastasiadis, and Vlahos, 2000; Liu et al.,
2002; Farhang, Safari, and Wheatland, 2018, see also Aschwanden 2013, Chapter
12).

The majority of extant SOC avalanche models for solar and stellar flares have
adopted a Lu & Hamilton-like modelling framework. A nodal variable related
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Energy in avalanche models for solar flares

to the magnetic field is defined on a Cartesian grid with nearest-neighbour con-
nectivity, and evolves according to loading, stability and local redistribution
rules through synchronous lattice updating (but do see, e.g., Hughes et al.,
2003; Morales and Charbonneau, 2008; López Fuentes and Klimchuk, 2010, for
examples of SOC flare models using fieldlines as dynamical elements).

However designed, all such models leave a good measure of arbitrariness in
computing quantitative model output of the type that can be compared to ob-
servations. Some sine qua non constraints are nonetheless generally agreed upon.
Observations have established unambiguously that flaring taps into magnetic en-
ergy of coronal magnetic structures overlaying active regions; any redistribution
rule should thus reduce the energy content of the lattice. Flare onset is generally
believed to result from magnetic reconnection, itself triggered by magnetohydro-
dynamic (MHD) and/or plasma instabilities. In the Parker nanoflare scenario,
the participating instability is associated with a threshold in the electrical cur-
rent density at sites of magnetic tangential discontinuities. Under this Ansatz
the redistribution rules should decrease the local current density at the unstable
lattice nodes.

These matters become of the utmost importance when using avalanche mod-
els to carry out flare prediction (Bélanger, Vincent, and Charbonneau, 2007;
Strugarek and Charbonneau, 2014; Thibeault et al., 2022). A physically well-
motivated measure of energy is essential to define appropriate redistribution
rules, and, in a data assimilation and prediction context, to match the model’s
energy release time series to observations, as done for example by Thibeault
et al. (2022) with GOES X-Ray flux time series. The definition of lattice energy,
in turn, is critically dependent on the physical identification of the dynamical
variable defined at lattice nodes and redistributed in the course of avalanches.

We begin in Section 2 by reviewing the design of the Lu et al. (1993) avalanche
model, and a plausible physical interpretation that can be placed on its compo-
nents and dynamical rules. We introduce in Section 3 two “better” definitions of
lattice energy, and in Section 4 we demonstrate how to design sandpile instability
rules coherent with these new energy definitions, and investigate the resulting
energy release statistics. In Section 5, using these consistent energy/stability
definitions, we explore the behavior of the Lu et al. (1993) model under the
hypothesis that redistribution during avalanches must maximize energy release,
as proposed originally by Farhang, Safari, and Wheatland (2018). We close in
Section 6 by summarizing our findings in the context of the design of internally
consistent lattice models of solar flares.

2. The Lu & Hamilton model

2.1. A Reference Model

The avalanche model used throughout this paper is that originally designed by
Lu and Hamilton (1991), more specifically the version described in Lu et al.
(1993) (hereafter L93; see also Charbonneau et al. 2001). The model is built on
a Cartesian lattice with von Neumann nearest-neighbour connectivity, with the
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nodal variable identified with the magnetic vector potential A. For reasons to be
described presently, we depart from L93 in considering a two-dimensional lattice
and a single scalar component Ai,j of the vector potential as nodal variable,
the latter producing a similar avalanching behavior as the vector nodal variable
originally introduced by L93 in view of the adopted driving scheme (Robinson,
1994).

Following L93, the lattice is driven by sequentially adding small increments
δA at randomly selected lattice nodes, with δA extracted from a uniform distri-
bution of random deviates spanning the range [−0.2, 0.8], and Ai,j = 0 enforced
at boundary nodes at all times. As the driving gradually builds up the nodal
variable on the lattice, its curvature is monitored by computing, at each node:

∆Ai,j = Ai,j −
1

4

∑
N1

AN1 , (1)

with the index N1 running over the four nearest neighbors:

N1 ≡ [(i+ 1, j), (i− 1, j), (i, j − 1), (i, j + 1)]. (2)

A node is deemed unstable when ∆Ai,j exceeds a preset threshold Zc:

|∆Ai,j | > Zc. (3)

When this condition is satisfied at any one node, driving stops and a portion
of the nodal variable at node (i, j) is transferred isotropically to its nearest
neighbors according to the redistribution rule:

A′
i,j = Ai,j −

4

5
Z, A′

N1
= AN1

+
1

5
Z, Z = sign(∆Ai,j)Zc, (4)

where primes indicate post-redistribution values. This redistribution rule con-
serves the nodal variable, and it is easily shown that it reduces the curvature
measure (1) by an amount Zc, which restores stability at node (i, j) provided
∆Ai,j < 2Zc, which imposes the constraint δA/Zc < 1 on the size of the driving
increment.

While stability is thus restored at the formerly unstable node, the redistribu-
tion process may force one or more of the nearest neighbour nodes to exceed the
instability threshold (3), in which case the redistribution rules (4) are applied
again to newly unstable node(s), and so on, in avalanching manner, until stability
is restored across the whole lattice, at which point driving resumes.

Under these evolutionary rules the system eventually reaches a statistically
stationary self-organised critical state, characterized by scale-free avalanches of
size ranging from a single node to the whole lattice, unfolding in the outer layer
of a “sandpile” of nodal variable of approximately parabolic shape in both lattice
direction and peaking at lattice center (see, e.g., Section 2 in Charbonneau et al.,
2001).
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2.2. Physical Interpretation

Building on LH93 (see also Lu 1995b), and inspired also by the coronal heat-
ing scenario by nanoflares developed by Parker (1988), Strugarek et al. (2014)
propose a specific interpretative physical picture, which is also adopted in what
follows. The 2D lattice is viewed as a perpendicular section of a coronal loop
taken at its apex, where flare onset is often observed (see, e.g., Tsuneta et al.,
1992; Masuda et al., 1994), with the magnetic field then dominated by its axial
component (Bz, say). With the nodal variable identified with the z-component
of the vector potential, its curl then defines the deviation of the magnetic field
from the axial direction, i.e., the twisting and braiding of magnetic-field lines
about each other. If the twist angle is small —Parker (1988) estimates it at
≃ 14◦,— then both A and B are dominated by their z-component, in which
case the electrical current density J can be approximated as

µ0J = ∇×B ≃ ∇×∇× (Az ẑ) = −∇2
⊥Az, (5)

under the Coulomb gauge ∇ ·A = 0, and with the Laplacian ∇2
⊥ defined in the

cross-sectional plane, i.e., perpendicular to the loop axis.
Under this interpretation, the addition of an increment δA at a node amounts

to an increase of the local twist (Lu et al., 1993), and the stability measure
∆Ai,j defined via Equation 1 can be interpreted as a second-order centered finite
difference representation of the 2D Laplacian. If that interpretation is accepted1,
then the instability condition (3) becomes a threshold on the magnitude of the
electrical current density, which is physically satisfying if the energy released
by avalanches is taken through occur via magnetic reconnection triggered by
plasma instabilities.

2.3. Defining Magnetic Energy

A proper definition of the magnetic-energy content (E) of the lattice is clearly
crucial in trying to bridge the gulf between such simple avalanches models and
actual solar (or stellar) flares. If the nodal variable is identified with the magnetic
field itself, as done originally in Lu and Hamilton (1991), then unambiguously
E ∝ ∑

B2 over all lattice nodes. However, under such an identification, the
solenoidal constraint ∇ ·B = 0 is not necessarily satisfied by the set of forcing
and redistribution rules described in Section 2.1. Identifying instead the nodal
variable with the magnetic-vector potential satisfies the solenoidal constraint by
construction, but the definition of lattice energy becomes trickier.

1This has been common practice in attempts to bridge the gap between MHD and lattice
models of flares (e.g. Isliker, Anastasiadis, and Vlahos, 2000; Liu et al., 2002; Strugarek et al.,
2014). However, lattice models are fundamentally discrete systems, and in general the state of
a node should not be interpreted as a continuous variable sampled on a computational mesh;
in particular, because the nodal quantity varies discretely from one node to the next, finite
difference expressions of derivatives diverge, rather than converge, as the grid spacing tends to
zero. We nonetheless proceed with the interpretation of lattice model rules in terms of centered
finite difference on the lattice.
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In our adopted physical picture, the magnetic field components in the plane of
the lattice is B⊥ ∝ ∇× (Azez). With Bz fixed by conservation of magnetic flux
in the loop’s cross-section, the contribution of Bx, By to the magnetic energy is
(∇× (Azez))

2. If the redistribution/reconnection simply reduces the local twist
without altering the global magnetic configuration, then one would expect

∑
A2

i,j

to be a good proxy for the lattice magnetic energy available for flaring2. This
is the magnetic energy definition adopted in LH93 and many subsequent works
(e.g. Lu et al., 1993; Georgoulis and Vlahos, 1998; Strugarek and Charbonneau,
2014; Morales and Santos, 2020; Thibeault et al., 2022):

EA =
∑
i,j

A2
i,j . (6)

Here and in the forthcoming alternate expressions for lattice energy, we have
omitted the usual 1/2µ0 prefactor, which amounts to rescaling energy units.

Under this definition of magnetic energy, it is a simple matter to show that
the redistribution rule (4) not only restores stability, but also reduces the lattice
energy, as it should in the flaring context. Specifically, with lattice energy ∝∑

A2, the energy content of the five nodes involved in the redistribution rule
(4) drops by

∆EA =
4

5
Zc (2|∆Ai,j | − Zc) , (7)

as detailed in appendix A.2. Setting ∆Ai,j = Zc, i.e., a node just reaching the
instability threshold, sets the smallest amount (e0) of energy that can be released
by the system:

e0 =
4

5
Z2
c . (8)

From Equation 7, the requirement that ∆EA > 0 translates into the constraint

|∆Ai,j | >
1

2
Zc, (9)

which is less constraining on |∆Ai,j | than the original instability criterion of
the LH93 model, as per Equation 3. Reducing curvature significantly below the
stability threshold, i.e. hysteresis, is actually required for energy to slowly accu-
mulate in the lattice, and to be subsequently released by scale-free avalanches
(Lu, 1995b).

2In our geometrical interpretation of the 2D lattice (Section 2.2), the flux perpendicular to
the lattice plane must be conserved. Therefore, if the redistribution alters only the degree of
local twist, set by Bx and By , and not the local Bz , then the contribution of Bz to lattice
energy never changes, and the “free energy” of the magnetic field is associated entirely with
its components in the plane of the lattice.
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3. Alternative Energy Definitions in the L93 Model

The most natural definition of magnetic energy is

EB =
∑
i,j

B2
i,j . (10)

As argued in Section 2.3, in our geometrical setup only the magnetic energy
associated with the magnetic-field components in the lattice plane can be tapped
into to release energy. In this context, the magnetic vector potential is only
directed along z and is denoted A = Aez. We set A to be the nodal variable,
and the magnetic energy contribution of the field components at node (i, j) can
be computed with (assuming unit grid spacing in the lattice plane):

B2 ≡ (∇×A)
2

=

(
−∂A

∂x

)2

+

(
∂A

∂y

)2

=

(
Ai−1,j −Ai+1,j

2

)2

+

(
Ai,j−1 −Ai,j+1

2

)2

. (11)

In the context of our adopted geometrical picture (Section 2.2), both the mag-
netic field and vector potential are dominated by their z-component. This allows
an alternate definition of magnetic energy, as recently proposed by Farhang,
Safari, and Wheatland (2018). Starting from the vector identity

∇ · (A×B) = B · ∇ ×A−A · ∇ ×B, (12)

If A and B are parallel the LHS vanishes, so that

B ·B = A · (∇×B) = µ0A · J ≃ µ0AzJz, (13)

as per Ampère’s Law. This provides yet another definition of energy:

EAJ ≡
∑
i,j

Ai,jJi,j , (14)

with the z-component of the electrical current density computed via Equation 5
invoking again second-order centered finite differences with unit grid spacing:

µ0Ji,j = 4Ai,j − (Ai−1,j +Ai+1,j +Ai,j−1 +Ai,j−1). (15)

Note that this third energy definition has the peculiarity that a node can
potentially contribute negatively to magnetic energy, since Jz can be of either
sign, while Az is a positive quantity in our lattice model setup.

Equations 6, 10–11 and 14–15 thus offer three distinct energy definitions,
which should be operationally equivalent under the assumptions underlying our
geometrical/physical setup and provided one accepts again the use of centered
finite differences on the lattice as a means of calculating the magnetic field and
current density from the nodal vector potential.
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Figure 1 tests this equivalence by plotting against one another avalanche
energies calculated a posteriori using our three energy definitions, working off a
simulation run of the LH93 model on a 64×64 lattice, already in the statistically
stationary SOC state. All three correlation plots show considerable scatter for

Figure 1. Comparison of the energy dissipated by avalanches generated by the LH93 model
for each energy definition. The scales are logarithmic.

the smaller avalanches, but a good correlation emerges for the larger avalanches,
which is certainly encouraging. That energy measures based on B2 or AJ are
systematically below those based on A2 was to be expected, considering that
under definitions (10) and (14) it is possible for a node to contribute zero to
lattice energy, or even a negative quantity in the case of energy definition (14),
which is not the case with the original definition (6). Notably, the released energy
on panel (C) aligns with ∆EB = ∆EAJ (dashed diagonal) quite closely, which
gives confidence in the finite difference representation of derivatives used in the
two alternate energy definitions introduced in this section, since these definitions
should be identical under exact mathematics and under the assumptions that B
is dominated by its z-component.

Unfortunately, a serious problem emerges upon closer scrutiny. Figure 2A
shows a 104 iterations long segment of lattice energy time series, for the same
simulation used to generate the data plotted on Figure 1. The segments are color-
coded according to the energy definition used, and have each been normalized
to their average value over the plotted interval to facilitate visual comparison.
All three time series follow the same overall trend, but the differences betray a
fundamental inconsistency in the a posteriori calculations of lattice energy using
the alternate definitions (10) and (14). Figure 2B,C reproduce a 103 iterations
subsegment, indicated by the boxed area in panel (A), together with the time
series of energy release for the three energy definitions, the latter computed as
the variation in lattice energies at subsequent temporal iterations. This selected
subsegment spans a large avalanche beginning at t ≃ 6000. All three lattice
energy time series undergo a substantial drop over the course of this large
avalanche, but there are many iterations within the avalanche where the lattice
energy, when computed with the B2 or AJ definition, is increasing (e.g., around
t ≃ 6300 for EB and EAJ) rather than decreasing, as it should and as it indeed
does for the A2 energy definition (6). This then leads to unphysical negative
energy release.
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Figure 2. Panel (A): evolution of the normalized lattice energy for the LH model using the
different energy definitions (6), (10), and (14), plotted in green, blue and orange respectively.
The time series segments have each been normalized by their respective maximum values.
Panel (B): 1000-iteration closeup on the boxed area on panel (A). Panel (C): Normalized
energy dissipated by the models during the time series on panel (B). The dissipated energy is
the lattice energy difference for avalanching iterations and is 0 otherwise.

This pathology arises from the fact that if the alternate energy definitions

(10)–(11) or (14)–(15) are used in a model whose avalanching dynamics is gov-

erned by the stability criterion (1) and redistribution rule (4), it is no longer

always the case that a redistribution that restores stability necessarily reduces

lattice energy, or that a rule that decreases lattice energy necessarily restores

stability. In other words, using an energy definition while using the stability

criterion based on another energy definition creates cases where unstable nodes

are unable to redistribute and/or avalanches release negative energy. Farhang,

Safari, and Wheatland (2018) encountered this problem and as a consequence

had to introduce additional ad hoc constraints on their redistribution rules. An-

other possibility is to change either (or both) the redistribution rules or stability

criterion. We opt for the latter in what follows.
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4. The Impact of Choosing an Energy Definition

4.1. Constructing the Models

In contrast to the energy definition (6), which is purely local in the nodal variable,
under the two alternate energy definitions introduced in the preceding section the
calculation of energy at node (i, j) involves the nodal values of nearest neighbors,
as per Equations 11 and 15. As a consequence, positive energy release upon
redistribution cannot be ensured simply by adjusting the threshold value in the
LH93 instability criterion (3). However, it is possible to retain a stability criterion
of the general form:

∆Ai,j > αZc, (16)

by modifying the definition of the curvature ∆Ai,j . As detailed in Appendix A,
these new curvature definitions involve varying numbers of next-nearest neigh-
bors to node (i, j) in Equation 16. These new curvature formulae, together
with their corresponding energy “quantum” e0, are compiled in Table 1. The
corresponding curvature stencils are displayed in Figure 7 in the Appendix A,
together with the notational definition for nearest-neighbors sets N1, N2, etc.

Table 1. Curvature equation ∆Ai,j and smallest energy increment e0 for three
energy definitions.

∆Ai,j e0 Equation

A2 1.6Ai,j − 0.4
∑

N1 0.8(2α− 1)Z2
c 1, 20

B2 1.6Ai,j − 0.3
∑

N1 − 0.4
∑

N3 + 0.1
∑

N4 0.76(2α− 1)Z2
c 33

AJ 4Ai,j − 1.6
∑

N1 + 0.4
∑

N2 + 0.2
∑

N3 2.24(2α− 1)Z2
c 42

With these new energy and curvature definitions, we can build internally
consistent avalanche models. However, since we are using different curvature
stencils, two adjustments have been made.

• First, as the new stencils probe wider than the closest lattice neighbors,
the curvature computation requires additional boundary conditions at the
lattice edge. For the B2 model, we simply pad the lattice with zeros. For
the AJ model, we pad the lattice with negative nodal values so as to keep
J = 0 on the boundary. These choices are explained in detail in Appendix
A.1.

• Second, instead of requiring that |∆Ai,j | > Zc, we require that ∆Ai,j > Zc

as the AJ model is prone to cases where neighbor nodes with opposite
curvatures simultaneously redistribute which reverses the curvatures and
create and alternating checkerboard patterns. This can lead to the develop-
ment of very long avalanches, effectively locking the model into a non-SOC
state. We note that this adjustment is only necessary for the AJ model, and
that applying it to the A2 and B2 models does not affect their statistics. For
the sake of consistency, we have opted to apply this rule to all the models
in what follows.
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4.2. Results

Since the models now have different boundary conditions and stability criteria,
the self-organised criticality state they reach differs substantially. Examples of
energy releases and lattice energy for the models are displayed in Appendix A.5.
Figure 3A shows the absolute pile height in the form of 1D slices through lattice
center, while panel B shows the pile height normalized to its peak central value,
for models run under our three distinct energy definition and associated stability
criteria (viz. Table 1). Both the absolute pile height and shape are very different.
The absolute pile height is determined by the stability criterion, since in the
statistically stationary non-avalanching state the average curvature is typically a
set fraction of the stability threshold value. The pile shape is affected by both the
adopted stability criterion and associated boundary condition. The absolute pile
height is actually not important dynamically, since in the self-organised critical
state the unfolding of avalanches is determined primarily by the distribution of
curvature measures over the lattice, as plotted on Fig. 3C. Despite very different
pile heights and shapes, the A2 and B2 models have closely similar curvature
distributions, while that of the AJ model differs more significantly. As we shall
presently see, this translates into distinct distributions of event size measures.
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Figure 3. [A] and [B] Transversal slice across lattice center of the nodal value in models with
different definitions of energies. [A] The log10 of the nodal value. [B] The nodal value divided
by the maximum value along the slice. [C] Histogram of the curvature at lattice nodes for each
model. For each histogram, the mean (solid line) and median (dashed line) are displayed.

Some statistical properties of avalanche have observational equivalents in so-
lar flares: the total energy released by the avalanche (E), the maximal energy
released in one iteration of an avalanche (P ) and the duration of avalanches (T ).
For each model, we collect those parameters for each avalanche that occurred
over 107 iterations and build their frequency distributions, as shown on Figure
4. In all models, E and P are expressed in units of the quantum e0, as listed
in Table 1. To recover the power-law exponent for each distribution, we fit
the complementary cumulative distribution function as detailed in Appendix
C. The values for all power-law indices and associated error bars in this paper
are provided in Table 2. The corresponding power law exponents are listed in
each panel.

The remarkable similarity of the event size distributions for the A2 and B2

models is a direct reflection of their similar distributions of curvature measures
(see Fig. 3C). This confirms that the choice of A2 or B2 as an energy definition
in these models leads to equivalent distribution of energy release, provided that
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Figure 4. Probability distribution of avalanche sizes in the L93 avalanche model run under
our three different energy definitions. [A] The energy dissipated by avalanches. [B] The peak
energy dissipated by avalanches. [C] The duration of avalanches. For each model, a dashed line
is used as a visual guide for the logarithmic slope α computed with the method detailed in
Appendix C. All models are run on a 64x64 lattice with δA ∈ [−0.2, 0.8].

the model rules are formulated in a manner consistent with the adopted energy
definition. It is also clear from figure 4 that the AJ model differs significantly
from the other two in its statistical properties. It exhibits slightly steeper power
law slopes in (E) and (P ), but not as steep as the slopes reported by Farhang,
Safari, and Wheatland (2018). This steeper power law is again consistent with
the curvature distributions in figure 3: fewer lattice nodes are close to the stabil-
ity threshold, which makes it harder for large avalanches to develop. The event
size distributions from this model also extend to higher values of total energies,
peak energy and durations.

5. Energy Minimization in Redistribution

In the solar flare context, a sine qua non requirement is that avalanches should
release energy, by reducing the system’s energy content. Farhang, Safari, and
Wheatland (2018) have pushed this logic one step further by designing a lattice-
based avalanche model in which redistribution locally minimizes lattice energy,
thus maximizing energy release. Reaching the lowest available energy state is the
hallmark of closed systems relaxing to equilibrium, which can arguably be ap-
plied locally to magnetic reconnection since the associated dynamical timescales
are much shorter than those characterizing the global evolution of active regions.

We follow here Farhang, Safari, and Wheatland (2018) in introducing redis-
tribution rules in which the amount of nodal variable transferred to nearest-
neighbors upon redistribution are no longer the same, unlike the isotropic re-
distribution characterizing the original LH93 model (viz. Equation 4). For sim-
plicity, we first retain the A2-based definition of magnetic energy (Section 5.1),
and consider two formulations of energy-minimizing redistribution: the original
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analytical method introduced by Farhang, Safari, and Wheatland (2018) (here-
after F18), and a variation based on a Monte Carlo approach (MC). In both
cases redistribution is restricted to the four immediate nearest-neighbors, as in
the original LH93 model. Then, we extend the MC approach to the two other
definitions of energy considered in this work (AJ and B2, Section 3)

5.1. Analytical Maximization of the Energy Release

The energy-minimizing, anisotropic redistribution rule introduced by Farhang,
Safari, and Wheatland (2018) is defined as:

A′
i,j = Ai,j −

4Zc

5
,

A′
i+1,j = Ai+1,j +

r1
x+ a

Zc

5
,

A′
i−1,j = Ai−1,j +

r2
x+ a

Zc

5
,

A′
i,j+1 = Ai,j+1 +

r3
x+ a

Zc

5
,

A′
i,j−1 = Ai,j−1 +

x

x+ a

Zc

5
, (17)

where a = r1+r2+r3 and r1,r2,r3 are random numbers extracted from a uniform
distribution ∈ [0, 1], controlling the amount of nodal variable transferred to three
of the nearest-neighbour nodes. The idea is then to choose a value for x, which
sets the quantity of nodal variable transferred to the fourth nearest-neighbour
node, in a manner such as to minimize lattice energy after the redistribution.
In Equations 17 this fourth node was chosen as (i, j − 1), but in practice the
optimization direction must be chosen randomly at each redistribution, in order
to ensure global isotropy in avalanching behavior. The calculation of this optimal
x is detailed in Appendix B (see Equation 50), in the context of the A2 definition
of energy.

Following the methodology of Farhang, Safari, and Wheatland (2018), the op-
timal x is obtained following a variational approach. Nevertheless, this approach
leads to some situations that need to be treated with care. First, the variational
approach only guarantees that x is an extremum value, but not necessarily always
a maximum. Second, if the optimal x is negative, situations where x ≈ −a will
destabilize the system as an arbitrarily large amount of nodal value can be
distributed to the neighbors. When such situations occur, we generate new sets
of rk in a new random direction each time until x > 0 and is an actual maximum.
Typically, up to 20 trials are required to achieve this.

5.2. Monte Carlo Maximization of the Energy Release

A Monte Carlo approach to lattice energy minimization can also be designed
based on the anisotropic redistribution rule introduced in Strugarek et al. (2014):

A′
i,j = Ai,j −

4Zc

5
, (18)
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A′
N1

= AN1 +
rk
a

4Zc

5
, k = 1, 2, 3, 4. (19)

with a =
∑

rk and the four rk’s ∈ [0, 1] are again uniformly distributed random
numbers. The idea is then to generate NMC sets of rk’s, calculate for each the
energy that would be released upon redistribution, and retain the set member
that leads to the lowest post-redistribution lattice energy (i.e. the largest energy
release). Note that even in the NMC → ∞ limit this approach does not become
identical to the Farhang, Safari, and Wheatland (2018) scheme of Section 5.1,
since in this latter case only the amount x of nodal variable transferred in the
selected optimization direction is varied to achieve minimization of lattice energy
in a given redistribution event; whereas in the Monte Carlo scheme all four
nearest-neighbour increments are reset randomly at each of the NMC minimiza-
tion trial. As a consequence, the Farhang, Safari, and Wheatland (2018) model
tends to generate redistributions that are more strongly anisotropic, and does
not minimize lattice energy as much as the Monte Carlo scheme can, already at
NMC = 20.

5.3. Comparison of the Optimized Models

We now compare and contrast simulation runs carried out under both energy
minimization schemes, to a “standard” LH93 run using the isotropic redistribu-
tion (4). All simulations are carried out on a 64 × 64 lattice, with Zc = 1 and
forcing amplitude δA ∈ [−0.2, 0.8], under the original energy definition (6).
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Figure 5. Probability distribution of avalanche sizes in the L93 avalanche model with 64x64
size and A2 definition of energy. LH is the standard non optimized model. F18 is the analytical
optimized model and MC is the Monte-Carlo optimized model. For each model, a dashed line
is used as a visual guide for the logarithmic slope α computed with the method detailed
in Appendix C. All models have δA ∈ [−0.2, 0.8] and have a fixed stability threshold and
restriction for the curvature ∆ > Zc.

Interestingly, the power-law indices characterizing avalanche size measures
are similar between all three models. However, as shown in Figure 5, the ranges
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of frequency distributions for these size measures are altered by energy mini-
mization. As was to be expected, the peak energy release (panel B) is larger in
both energy minimizing models, and avalanche durations (panel C) are markedly
reduced, a consequence of lattice energy dropping more rapidly during avalanches
developing under either energy minimization schemes. These trends are slightly
more pronounced with the Monte Carlo-based minimization, which is to be
expected since it samples a broader range of potential post-redistribution lattice
states. It is interesting to note that neither of the optimized models are able to
produce avalanches with total energy as large as the LH model (panel A). This
occurs because under either energy minimization schemes, even small avalanches
are more efficient at reducing lattice energy, making it more difficult for energy
to accumulate in the lattice and give rise, upon destabilization, to very large
avalanches. Finally, note that the MC model is so efficient at releasing energy
that even small avalanches of only one or two nodes usually release a relatively
large amount of energy, i.e., many times the quantum e0. This depletes the
distribution of energy released at small values, leading to the break of scale
invariance at low energy, characterizing the MC model on panels A and B.

5.4. Optimization Under the Different Energy Definitions

We now apply the MC minimization approach to models constructed under our
three energy definitions. The statistical properties of those models are shown
in Figure 6. Comparing to Figure 4, it is clear that within the MC framework,
the differences between the event size distributions under the three different
energy definition models are much reduced. This suggests that the steeper power-
law indices, as first reported in Farhang, Safari, and Wheatland (2018), are
associated with the AJ energy definition, rather than with the energy release
maximization procedure.

Figure 6 also suggests that redistribution rules maximizing energy release,
when pushed to their limit, do succeed in releasing as much energy as can possibly
be released by the lattice, under any plausible definition of lattice energy. This
would be akin the free energy of coronal magnetic structures, corresponding to
the magnetic energy above that of a potential magnetic field satisfying the same
boundary conditions (see, e.g., Aly, 1991).

6. Discussion and Conclusion

The primary appeal of self-organised critical avalanche models remains their
robust reproduction of the power-law form of the statistics of event size measures.
However, going beyond the power-law form towards quantitative comparison of
model predictions to observations requires an unambiguous definition of lattice
and avalanche energies, as an essential step in bridging the gap between such
simple statistical models, the magnetohydrodynamics of solar flares, and actual
flare observations.

In this paper, working with a two-dimensional variation on the original Lu
et al. (1993) avalanche model, we have investigated this question under three
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Figure 6. Statistical properties of three Monte Carlo optimized models with 64× 64 size for
the A2, B2 and AJ definition of energy. For each model, a dashed line is used as a visual guide
for the logarithmic slope α computed with the method detailed in Appendix C. All models
have δA ∈ [−0.2, 0.8] and have a fixed stability threshold and restriction for the curvature
∆ > Zc.

physically plausible definitions of lattice energy, all expressed in term of a nodal
variable identified with a magnetic vector potential. The first equates lattice
energy to the sum of the squared vector potential; the second computes a mag-
netic field B = ∇×A via finite difference evaluation of the curl operator on the
lattice, and then equates energy to B2 summed over all lattice nodes. The third
is the alternate energy magnetic definition introduced by Farhang, Safari, and
Wheatland (2018), which computes energy as A · J summed over the lattice, J
being the electric current density, again computed through finite differences over
the lattice. Under the geometrical setup and physical interpretation of our 2D
lattice and exact mathematics, these second and third definitions are in principle
identical.

A sine qua non requirement of SOC avalanche models is that once a node
exceeds the instability threshold, redistribution must (1) locally restore stability
at that node, and (2) release lattice energy (see, e.g., Lu, 1995b). We have shown
that in order for both of these conditions to be systematically satisfied, the choice
of a specific energy definition must be accompanied by a consistent definition of
redistribution rules and/or stability criterion accompanied by specifying bound-
ary conditions. Failing to do so results in avalanching nodes sometimes releasing
“negative” energy and/or remaining unstable after redistribution, with signifi-
cant consequences on the dynamical behavior and pattern of energy release. This
ends up forcing the introduction of ad hoc and physically dubious additional
procedures to yield a functional model.

Running the Lu et al. (1993) under the these three energy definitions and
appropriately defined stability criteria yields avalanche statistics, i.e. distribu-
tions of total avalanche energy, duration and peak energy release, that are almost
indistinguishable in the case of the A2 and B2 energy definitions. This vindicates,
a posteriori, the common use of the summed squared nodal variable as a measure
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of lattice energy (e.g. Lu et al., 1993; Georgoulis and Vlahos, 1998; Strugarek
and Charbonneau, 2014; Morales and Santos, 2020; Thibeault et al., 2022).

We have also explored a physically appealing proposal, also put forth by
Farhang, Safari, and Wheatland (2018), namely that redistribution should not
just release lattice energy, but in fact maximize the amount of magnetic energy
released during a redistribution. We have investigated two implementations of
this idea, the first essentially identical to the procedure introduced by Farhang,
Safari, and Wheatland (2018), the other based on a Monte Carlo optimisation
scheme. The latter is more demanding computationally, but turns out to achieve
higher levels of energy release than the original optimization scheme of Farhang,
Safari, and Wheatland (2018). Indeed, the Monte Carlo scheme is so efficient that
it exhibits a pronounced deficit of single-node avalanches of very small energies,
causing a break of scale invariance at these energies. Excluding these smallest
avalanches, under such energy maximization schemes, avalanches are typically
more intense (higher peak energy release), of shorter duration, but release similar
total amounts of energy.

An appealing property of the energy minimizing avalanche models first pro-
posed by Farhang, Safari, and Wheatland (2018); Farhang, Wheatland, and
Safari (2019) is their ability to generate steeper power laws in the size measures of
energy release events, in better agreement with current observational inferences
(see, e.g., Aschwanden and Parnell, 2002; Joulin et al., 2016; Vilangot Nhalil
et al., 2020). Working under their AJ energy definition within the classical
L93 model, i.e., without maximizing energy release, we recover slightly steeper
power-law slopes (viz. Figure 4) albeit not as steep as the one reported by
Farhang, Safari, and Wheatland (2018). This difference likely stems from our
implementation of this energy definition, which differs significantly, especially
with regard to the stability criterion (Section 4.1). However, applying the two
schemes for energy maximization to the L93 model yields similar power-law
slopes as non-energy-maximizing isotropic redistribution (see Figure 5). More-
over, the modelling results presented in Section 5.4 also indicate that even
under the AJ energy definition the steeper power-law slopes of Figure 4 revert
to those characterizing the other energy definitions upon imposing the strong
minimization achieved by the Monte Carlo optimization scheme (cf. Figure 6).
One can thus conclude that steeper power-law slopes in event size measures
do not directly result from the maximization of energy release. Our modelling
results suggest instead that the key is a broad curvature distribution, character-
ized by relatively few lattice nodes being very close to the instability threshold
(viz. Figure 3C). The Farhang, Safari, and Wheatland (2018) model happens
to achieve this through the combination of their energy definition and specific
choices of update rules.

In general, closed systems near equilibrium are expected to minimize their
energy in seeking equilibrium; however, a flaring active region is not a closed
system, is likely far from equilibrium, and the reconfiguration of the magnetic
field is subjected to topological constraints posed by MHD invariants such as
magnetic helicity. Whether or not a flaring site within an active region can really
relax to a locally minimal energy state (consistent with boundary conditions) is
an extremely interesting physical question, which remains entirely open at this
juncture.
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Appendix

A. Curvature Definitions

We present here the detailed calculations leading to the curvature definitions and
energy quantas presented in Table 1, Section 4. The goal is to ensure the decrease
of lattice energy during redistribution. We opted to retain the nearest-neighbour
redistribution rule (4) and a stability criterion of the general form (16), but alter
the definition of curvature ∆Ai,j according to the energy definition adopted.

A.1. Curvature Stencils and Boundary Conditions

The new curvature expressions for the two alternate energy definitions intro-
duced in Section 3 end up involving more nodal neighbours than under the
original energy definition (6) used in L93. Figure 7 depicts the stencils and
associated notation used in this appendix to describe the new curvature formulae.

Stencil
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Figure 7. Visualisation of the different curvature stencils. Each of them applies to a curvature
inequation of the form ∆Ai,j > Zc where ∆Ai,j is a weighted sum over all cells, with weights
given in the stencils. Empty cells are not used for calculation of the curvature ∆Ai,j .

As with the original L93 model, under all energy definitions the nodal variable
Ai,j is reset to zero at every (avalanching) iteration on all boundary nodes.
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In view of the driving and use of conservative redistribution rules, this is a
sine qua non condition for reaching a statistically stationary state. This is the
only boundary condition required in the A2 model. However, the wider stencils
used along with the B2 and AJ energy definitions require additional boundary
conditions.

For the B2 stencil, one N3 and three N4 neighbours lie outside the lattice
when applying the curvature stencil to an interior node adjacent to the lattice
boundary. Additional N3 and N4 are involved when considering the four interior
corner nodes. We opted to simply pad the lattice with two layers of ghost nodes,
on which A = 0 is enforced at all times.

In the case of the AJ stencil, one N3 neighbour can lie outside the lattice,
with two additional N3 nodes in the case of internal corner nodes. However,
simply padding the lattice with a layer of A = 0 ghost nodes leads to J changing
sign when moving from the edge of the lattice to the center, while A remains
positive. Under the AJ energy definition (14), this produces an annular region
adjacent to the lattice boundaries where nodes contribute negatively to lattice
energy. This is clearly an unphysical situation, which moreover ends up affecting
significantly the statistics of event size measures in this model. Motivated by
our physical/geometrical picture (viz. Section 2.2), we require instead that the
current J be zero on the lattice boundary, as required in the vacuum exterior to
a coronal loop. This is achieved setting the value of A at each ghost nodes equal
to the negative of the value of its corresponding interior node, as per Equation
15. All interior nodes then contribute positively to lattice energy.

Under these boundary conditions, edge nodes have zero energy in the A2 and
AJ models. This condition is not striclty achieved in the B2 models, but their
contribution to lattice energy remains insignificant.

A.2. Stability Rule for A2 Model.

Consider a single node (i, j) exceeding the instability threshold and redistribut-
ing to its nearest neighbors according to the rule (4). Under the energy definition
(6), the change in lattice energy denoted ∆EA is

∆EA =
(
A2

i,j +
∑

A2
N1

)
−
(
(Ai,j −

4

5
Zc)

2 +
∑

(AN1 +
1

5
Zc)

2

)
=

4

5
Zc

(
2Ai,j −

1

2
(Ai+1,j +Ai−1,j +Ai,j+1 +Ai,j−1)− Zc

)
=

4

5
Zc (2∆Ai,j − Zc) , (20)

the last step making use of the curvature definition (1) and N1 corresponding
to the four neighbors depicted in Figure 7B. A positive energy release ∆EA > 0
thus leads to the constraint (9):

∆Ai,j >
1

2
Zc. (21)
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This constraint can be generalized in the form

∆Ai,j > αZc, (22)

with α > 1/2. The minimal energy release “quantum” e0 is then obtained when
∆Ai,j = αZc and is given by

e0 =
4

5
(2α− 1)Z2

c . (23)

This generic formulation reduces to Equation 8 for α = 1.
The redistribution must also restore stability. Consider a situation where node

(i, j) is barely below the instability threshold, i.e.:

Ai,j −
1

4

∑
N1

AN1
= αZc − ϵ, (24)

with ϵ ≪ αZc. Upon adding an increment δA (> ϵ) to Ai,j , the instability
threshold is exceeded and redistribution takes place. Post-redistribution, the
curvature should be reduced below αZc:

(Ai,j + δA− 4

5
Zc)−

1

4

(∑
N1

AN1
+

1

5
Zc

)
< αZc,

Ai,j + δA− 4

5
Zc −

1

4

∑
N1

AN1
− 1

5
Zc < αZc,

Ai,j −
1

4

∑
N1

AN1 + δA− Zc < αZc,

αZc − ϵ+ δA− Zc < αZc, (25)

where (24) was used in the last step. Even with ϵ ≪ 1, stability is always restored
provided the increments δA is small enough to satisfy:

δA < Zc. (26)

A.3. Stability Rule for B2 Model.

Similarly, for the B2 energy definition, consider a single node (i, j) exceeding
the instability threshold and redistributing to its nearest neighbors according to
the rule (4). Under the energy definition (10), (11), the change in lattice energy
denoted ∆EB is

∆EB =
(
B2

i,j +
∑

B2
N1

+
∑

B2
N2

+B2
N3

)
− (27)(

B′2
i,j +

∑
B′2

N1
+
∑

B′2
N2

+B′2
N3

)
,

where N1, N3 and N4 are the three groups of neighbors, as displayed in Figure
7D. We can expand this expression by detailing the energy evolution over single
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nodes. First we have

B2
i,j −B′2

i,j = (Ai−1,j −Ai+1,j)
2 + (Ai,j−1 −Ai,j+1)

2 −

(Ai−1,j +
1

5
Zc −Ai+1,j −

1

5
Zc)

2 −

(Ai,j−1 +
1

5
Zc −Ai,j+1 −

1

5
Zc)

2

= 0 (28)

Then, for the energy of a BN1
node, we show an example of derivation for Bi,j+1

(the computation is similar for the other nodes):

B2
i,j+1 −B′2

i,j+1 = (Ai−1,j+1 −Ai+1,j+1)
2 + (Ai,j −Ai,j+2)

2 −

(Ai−1,j+1 −Ai+1,j+1)
2 − (Ai,j −

4

5
Zc −Ai,j+2)

2

= Zc (1.6Ai,j+2 − 1.6Ai,j − 0.64Zc) . (29)

Similarly, for the energy of a BN2
node we obtain

B2
i+1,j+1 −B′2

i+1,j+1 = (Ai,j+1 −Ai+2,j+1)
2 + (Ai+1,j −Ai+1,j+2)

2

−(Ai,j+1 −
1

5
Zc −Ai+2,j+1)

2 −

(Ai+1,j −
1

5
Zc −Ai+1,j+2)

2

= Zc (0.4(Ai+1,j+2 +Ai+1,j +Ai+2,j+1 +Ai,j+1)

− 0.08Zc) . (30)

Finally, for the energy of a BN3
node:

B2
i,j+2 −B′2

i,j+2 = (Ai−1,j+2 −Ai+1,j+2)
2 + (Ai,j −Ai,j+3)

2

−(Ai−1,j+2 −Ai+1,j+2)
2 − (Ai,j+1 −

4

5
Zc −Ai,j+3)

2

= Zc (0.4Ai,j+3 − 0.4Ai,j+1 − 0.4Zc) . (31)

Computing the energy difference in this manner for each stencil node and as-
sembling the results, we obtain:

∆EB = 0.76Zc

(
1

0.76

[
1.6Ai,j − 0.3

∑
AN1

− 0.4
∑

AN3
+ 0.1

∑
AN4

]
− Zc

)
= 0.76Zc (2∆BAi,j − Zc) , (32)

where we have introduced ∆BAi,j defined as

∆BAi,j =
1

1.52

[
1.6Ai,j − 0.3

∑
AN1

− 0.4
∑

AN3
+ 0.1

∑
AN4

]
. (33)
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Similarly to case A2 (Appendix A.2), a positive energy release ∆EB > 0 can
be expressed as

∆BAi,j >
1

2
Zc. (34)

We can, again, generalize this criterion to ∆BAi,j > αZc, with α > 1/2. When
α = 1, we recover the energy release quantum

e0 = 0.76Zc (2Zc − Zc) = 0.76Z2
c . (35)

The redistribution must also restore stability. Consider a situation where a node
(i, j) is barely below the instability threshold, i.e.:

1

1.52

[
1.6Ai,j − 0.3

∑
AN1 − 0.4

∑
AN3 + 0.1

∑
AN4

]
= αZc − ϵ (36)

Consider now a node receiving an driving increment δA, and subsequently redis-
tributing. We require that the new curvature is below the instability threshold:

1

1.52

[
1.6

(
Ai,j + δA− 4

5
Zc

)
− 0.3

∑(
AN1

+
1

5
Zc

)
−

0.4
∑

AN3 + 0.1
∑

AN4

]
< αZc (37)

αZc − ϵ+
1

1.52

(
1.6δA− 0.3

4

5
Zc − 1.6

4

5
Zc

)
< αZc (38)

−ϵ+ δA < 0.95Zc, (39)

where (36) was used in the last step. Even with ϵ ≪ 1, stability is always restored
provided the increments δA is small enough to satisfy:

δA < 0.95Zc. (40)

A.4. Stability Rule for AJ Model.

Moving on to the AJ energy definition, consider again a single node (i, j)
exceeding the instability threshold and redistributing to its nearest neighbors
according to the rule (4). Under the energy definition (14), (15), the change in
lattice energy, denoted ∆EAJ , is

∆EAJ =
(
Ai,jJi,j +

∑
AN1JN1 +

∑
AN2JN2 +

∑
AN3JN3

)
−
(
A′

i,jJ
′
i,j +

∑
A′

N1
J ′
N1

+
∑

A′
N2

J ′
N2

+
∑

A′
N3

J ′
N3

)
, .

where N1, N2 and N3 are the neighbors as displayed in figure 7C. Following the
same methodology as in A.3, we break down the various parts of the expression
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of ∆EAJ to obtain

Ai,jJi,j −A′
i,jJ

′
i,j =

1

2
Ai,j

(
4Ai,j −

∑
AN1

)
−1

2

(
Ai,j −

4

5
Zc

)(
4

(
Ai,j −

4

5
Zc

)
−
∑(

AN1
+

1

5
Zc

))
= Zc

(
3.6Ai,j − 0.4

∑
AN1

− 1.6Zc

)
.

As an example, we detail the energy change for node Ai,j+1Ji,j+1 belonging to
the N2 group (the calculation is similar for the other nodes) and obtain

Ai,j+1Ji,j+1 −A′
i,j+1J

′
i,j+1 =

1

2
Ai,j+1 (4Ai,j+1 −Ai,j+2 −Ai,j −Ai+1,j+1 −Ai−1,j+1)

−1

2

(
Ai,j+1 +

1

5
Zc

)[
4

(
Ai,j+1 +

1

5
Zc

)
− Ai,j+2 −Ai,j +

4

5
Zc −Ai+1,j+1 −Ai−1,j+1

]
= Zc [0.2(Ai,j +Ai,j+2 +Ai−1,j+1 +Ai+1,j+1)

−2.4Ai,j+1 − 0.32Zc] .

Computing the energy difference for each node and assembling the results yields:

∆EAJ = 2.24Zc

(
1

2.24

[
4Ai,j − 1.6

∑
N1

AN1
+ 0.2

∑
N2

AN2
+ 0.4

∑
N3

AN3

]
− Zc

)
= 2.24Zc (2∆JAi,j − Zc) , (41)

where we have defined

∆JAi,j =
1

4.48

[
4Ai,j − 1.6

∑
N1

AN1 + 0.2
∑
N2

AN2 + 0.4
∑
N3

AN3

]
. (42)

A positive energy release ∆EAJ > 0 therefore requires

∆JAi,j >
1

2
Zc. (43)

Again, we can generalize this criterion to ∆JAi,j > αZc, and for α = 1, we
recover the quantum release of energy

e0 = 2.24Zc (2Zc − Zc) = 2.24Z2
c . (44)

The redistribution must also restore stability. Consider a node (i, j) barely below
the instability threshold,

1

4.48

[
4Ai,j − 1.6

∑
N1

AN1
+ 0.2

∑
N2

AN2
+ 0.4

∑
N3

AN3

]
= αZc − ϵ, (45)
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receiving a driving increment δA, and then redistributing. We require that the
new curvature be below the instability threshold:

αZc >
1

4.48
[ 4
(
Ai,j + δA− 4

5Zc

)
− 1.6

∑
N1

(
AN1

+ 1
5Zc

)
+

0.2
∑

N2
AN2

+ 0.4
∑

N3
AN3

], (46)

αZc − ϵ+
1

4.48

(
4δA− 1.6

4

5
Zc − 4

4

5
Zc

)
< αZc, (47)

−ϵ+ δA < 1.12Zc. (48)

where (45) was used in the last step. Even with ϵ ≪ 1, stability is always restored
provided the increments δA is small enough to satisfy:

δA < 1.12Zc. (49)

A.5. Characteristic Patterns of Energy Release

With the new curvature definitions and boundary conditions, under the action
of random forcing each model eventually reaches a SOC state. However, these
equilibrium states are characterized by distinct dynamics. For example, the AJ
model exhibits a unique class of rare, large avalanches. Figure 8 displays the
characteristic patterns of energy release for each model described in Section 4.
The left panels show the evolution of the energy of the lattices and the energy
release over an extended time span, whereas the right panels zoom in on the
shaded region in the left panels, spanning now only 1000 iterations. The A2 and
B2 models are qualitatively similar, but the AJ model stands distinct from the
other two. Nonetheless, all three models exhibit typical SOC behavior in their
pattern of intermittent energy release and power-law form of their event size
measures.

B. Analytical Optimization of Energy Release in A2 models

We detail in what follows the analytical calculation underlying the redistribution
maximizing energy release in the LH model under its conventional A2 energy
definition (Section 5.3 and Figure 5). We start from the redistribution rules
introduced by Farhang, Safari, and Wheatland (2018), as given by Equations 17
in Section 5.1.

The optimal x maximizing energy release is calculated via a variational ap-
proach, namely by solving d∆E/dx = 0 for x:

d

dx
∆E = − d

dx
(A′2

i,j +A′2
i+1,j +A′2

i−1,j +A′2
i,j+1 +A′2

i,j−1)

0 = 2

[(
Ai+1,j +

4Zcr1
5(x+ a)

)(
4Zcr1

5(x+ a)2

)
+

(
Ai−1,j +

4Zcr2
5(x+ a)

)(
4Zcr2

5(x+ a)2

)
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Figure 8. Lattice energy and released energy for the A2, B2 and AJ models. The number of
iterations displayed are different for each model and chosen for clarity of the plots.

+

(
Ai,j+1 +

4Zcr3
5(x+ a)

)(
4Zcr3

5(x+ a)2

)
−
(
Ai,j−1 +

4Zcx

5(x+ a)

)(
4Zca

5(x+ a)2

)]
0 =

8Zc

5(x+ a)2

[
r1

(
Ai+1,j +

4Zcr1
5(x+ a)

)
+ r2

(
Ai−1,j +

4Zcr2
5(x+ a)

)
+r3

(
Ai,j+1 +

4Zcr3
5(x+ a)

)
− a

(
Ai,j−1 +

4Zcx

5(x+ a)

)]
.

The above equation reduces to

0 = r1Ai+1,j + r2Ai−1,j + r3Ai,j+1 − aAi,j−1︸ ︷︷ ︸
Θ

+
4Zc

5︸︷︷︸
C

Φ︷ ︸︸ ︷
r21 + r22 + r23 −ax

x+ a
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0 = Θ+
C

(x+ a)
(Φ− ax) ,

where we have introduced the new variables Θ, C, and Φ that are independent
of x to ease the notations. We can now solve for x to obtain

x =
CΦ+Θa

−Θ+ Ca
. (50)

C. Power-law Indices

Figure 9. [Top] Complementary cumulative distribution functions (CCDF) for the energy
release of each model defined in section 4. A 1σ span of αccdf is shown as an visual guide for
each CCDF as a shaded region within dashed lines. [Bottom] Histograms of the slopes of the
CCDF and their gaussian best fits are displayed for each model.

Table 2. Reported values for the power law slope α
of each model presented in this paper.

Model αE αP αT

A2 1.43± 0.02 1.82± 0.08 1.83± 0.02

B2 1.42± 0.05 1.8± 0.2 1.61± 0.03

AJ 1.5± 0.5 2.0± 1.0 1.7± 0.6

A2F18 1.35± 0.06 1.8± 0.4 3.0± 1.0

A2MC 1.3± 0.3 1.5± 0.6 2.1± 0.2

B2MC 1.4± 0.3 1.4± 0.05 1.9± 0.2

AJMC 1.4± 0.2 1.7± 0.7 1.9± 0.2

Deriving power-law exponents is generally done by specifying arbitrary bound-
aries for the fitting interval. However, for smoothly varying distributions, the se-
lection of these bounds introduce biases. To alleviate this pitfall, we develop here
a method for computing power-law indices without setting arbitrary bounds.
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We begin by computing the complementary cumulative distribution function
(CCDF). This function is generally smoother than the PDF since the latter
requires binning of the data. The power-law slope for the CCDF is related to
the power-law slope of the PDF by:

α = 1− αccdf , (51)

where PDF(X) = Xα for any quantity X. In order to find αccdf , we sample the
slope of the CCDF along a logarithmic scale to avoid giving too much weight
to zones with higher point density. We then create a histogram of the slope
values and fit that distribution with a Gaussian function, as shown in Figure
9 for E of models A2, B2 and AJ . In order to reduce the uncertainty caused
by the tail of the distribution, the Gaussian function is recursively fitted by
ignoring bins outside 3σ of the mean until the mean converges within 0.01%.
The value and uncertainty for αccdf are then reported as the mean and width of
the Gaussian. This method attributes large uncertainties for distributions with
significant deviations from a singular power-law, such as the AJ model in Figure
4, panel C. The values for α for each model, with associated error bars, are listed
in Table 2.
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